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COSPHERE BUNDLE REDUCTION IN CONTACT GEOMETRY
OANA DRA˘GULETE, LIVIU ORNEA, TUDOR S. RATIU
Abstract. We extend the theorems concerning the equivariant symplectic re-
duction of the cotangent bundle to contact geometry. The role of the cotangent
bundle is taken by the cosphere bundle. We use Albert’s method for reduction
at zero and Willett’s method for non-zero reduction.
1. Introduction
One of the main results concerning symplectic reduction with many applications
in geometric mechanics states that, in the presence of a “good” action of a finite
dimensional Lie group G on an arbitrary differentiable manifold Q, the cotangent
bundle of the quotient, T ∗(Q/G), is symplectomorphic with (T ∗Q)0, the reduced
space at 0 of the cotangent bundle. More generally, the reduction T ∗(Q/G)µ at
µ 6= 0 of T ∗Q is symplectomorphic with a vector subbundle of T ∗(Q/Gµ) endowed
with a magnetic symplectic form (see [1], §4.3; the result for µ = 0 is due to Satzer
[10]); Gµ denotes the coadjoint isotropy subgroup at µ.
The aim of this note is to prove an analogue of this result in contact geometry.
Again we start with an arbitrary manifold Q supporting a “good” action of a Lie
group G. The role of the cotangent bundle will be played by the cosphere bundle
that will be described in section 2 (cf. also [9]). It is a contact manifold. We shall
prove that its reduced space at 0 is contactomorphic with the cosphere bundle of
Q/G. Even though the result for µ = 0 could probably be obtained by “diagram
chasing”, we prefer to provide an explicit proof, identifying all contactomorphisms.
More generally, we prove that its reduced space at µ 6= 0 embeds in a contact
manner onto a subbundle of the cosphere bundle of Q/Gµ.
We briefly review, following [2], [4], the reduction method at 0 for contact man-
ifolds.
Recall that a contact structure on a smooth (2n + 1)–dimensional manifold N
is a codimension one smooth distribution H ⊂ TN , locally given by the kernel
of a one-form η such that η ∧ (dη)n 6= 0. Such an η is called a (local) contact
form. Any two proportional contact forms underly the same contact structure. A
contact structure which is the kernel of a global contact form is called exact or
co-orientable. If η is a one form of an exact contact structure, the pair (N, η) is
called an exact contact manifold. On an exact contact manifold N there is a unique
vector field R, called the Reeb vector field , characterized by the conditions η(R) = 1
and dη(R, ·) = 0. The flow of the Reeb vector fields preserves the contact form η.
The Reeb vector field is nowhere vanishing and it generates the one-dimensional
distribution ker dη = {v ∈ TN | dη(v, ·) = 0}.
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A finite dimensional connected Lie group G is said to act by contactomorphisms
on a contact manifold if it preserves the contact structure H . For an exact contact
manifold (N, η), this means that g∗η = fgη for a smooth, real-valued, nowhere
zero function fg. G acts by strong contactomorphisms on N , if g
∗η = η, i.e. G
preserves the contact form, not only the contact structure. A G–action by strong
contactomorphisms on (N, η) admits an equivariant momentum map J : N → g∗
given by evaluating the contact form on fundamental fields: 〈J, ξ〉 = η(ξN ).
Throughout this paper we shall denote by g the Lie algebra of G, by 〈·, ·〉 :
g∗ × g → R the natural pairing between g∗ and g, and by ξN the fundamental
vector field (or infinitesimal generator) defined by ξ ∈ g. For simplicity, we shall
work exclusively with free proper actions, although the extensions of our results
to locally free actions is routine; in that case the relevant quotient spaces will be
orbifolds instead of manifolds. For a smooth map f : A→ B between the manifolds
A and B, Taf : TaA→ Tf(a)B denotes its derivative, or tangent map, at a ∈ A.
The momentum map J is constant on the flow of the Reeb vector field. In
addition,
〈TnJ(v), ξ〉 = dη(n)(v, ξN (n))
for any n ∈ N , v ∈ TnN , and ξ ∈ g. This immediately implies
[im(TnJ)]
◦
= {ξ ∈ g | dη(n)(ξN (n), ·) = 0},
which is the contact analogue of the bifurcation lemma from the usual theory of
momentum maps on Poisson manifolds; the term on the left is the annihilator of
the subspace in parentheses. For this (contact) momentum map, 0 ∈ g∗ is a regular
value if and only if the fundamental fields induced by the action do not vanish on
the zero level set of J . Moreover, if this is the case, the pull back of the contact
form to J−1(0) is basic. Let π0 : J
−1(0)→ J−1(0)/G and ι0 : J
−1(0) →֒ N be the
canonical projection and inclusion respectively. The reduction theorem asserts the
existence of a unique contact form η0 on J
−1(0)/G such that π∗0η0 = ι
∗
0η.
Regarding contact reduction at µ 6= 0, up to now there are two versions available:
one due Albert [2] and a very recent one due to Willett [11].
Albert’s method [2]. Let (N, η) be an exact contact manifold with Reeb vector
field R and let Φ be a “good” action of a Lie group by strong contactomorphisms.
For µ ∈ g∗, denote by Gµ the isotropy group at µ of the coadjoint action and by
gµ its Lie algebra. If µ 6= 0 is a regular value of J the restriction of the contact
form to J−1(µ) is not basic. This problem is overcome by Albert by changing the
infinitesimal action of gµ on J
−1(µ) as follows: ξ 7→ ξN − 〈µ, ξ〉R, where R is the
Reeb vector field. In general, this infinitesimal action cannot be integrated to an
action of Gµ. However, if R is complete, this gµ–action is induced by an action of
the universal covering group Ĝµ (if Gµ is connected) given by
(etξ, n) 7→ φetξ (ρ
−1
t〈µ,ξ〉(n)),
where ρt is the flow of the Reeb vector field. Albert defines the reduced space as
J−1(µ)/Ĝµ via this new action and shows it is naturally a contact manifold.
Willett’s method [11]. The idea is to expand µ and to shrink Gµ. As above, G
is a Lie group that acts smoothly on an exact contact manifold (N, η) preserving
the contact form η. Let µ ∈ g∗. Willett calls the kernel group of µ, the connected
Lie subgroup Kµ of Gµ with Lie algebra kµ = ker (µ|gµ). It is easy to see that kµ
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is an ideal in gµ and therefore Kµ is a connected normal subgroup of Gµ. Contact
reduction (or the contact quotient) of N by G at µ is defined by Willett as
Nµ := J
−1(R+µ)/Kµ.
Assume that Kµ acts freely and properly on J
−1(R+µ). Then J is transversal to
R+µ and the pull back of η to J
−1(R+µ) is basic relative to the Kµ–action on
J−1(R+µ) and thus induces a one form ηµ on the quotient Nµ. If, in addition,
kerµ+gµ = g then the form ηµ is also a contact form. It is characterized, as usual,
by the identity π∗µηµ = i
∗
µη, where πµ : J
−1(R+µ)→ Nµ is the canonical projection
and iµ : J
−1(R+µ) →֒ N is the canonical inclusion.
It is to be noted that for µ = 0, Albert’s and Willett’s quotients coincide.
Notations: Throughout the paper we shall denote by πG : Q → Q/G, πQ/G :
T ∗(Q/G) → Q/G, πQ : T
∗Q → Q the respective canonical projections. The
Liouville one-forms of T ∗Q and T ∗(Q/G) will be denoted respectively by θ and Θ.
The naturally lifted action of G on T ∗Q admits an equivariant momentum map
Jct : T
∗Q → g∗ given by 〈Jct(αq), ξ〉 = αq(ξQ(q)), where αq ∈ T
∗
qQ, ξ ∈ g, and ξQ
denotes the fundamental vector field defined by the G–action on Q.
2. The cosphere bundle and its contact structure
Let Q be a differentiable manifold of real dimension n, πQ : T
∗Q → Q its
cotangent bundle, and θ the Liouville form on T ∗Q. We shall denote by αq, βq etc.
the elements of T ∗Q.
Let G be a finite dimensional Lie subgroup of Diff(Q) and denote by Φ : G×Q→
Q a free, proper action of G on Q. We denote by Φ∗ : G× T
∗Q→ T ∗Q its natural
lift to the cotangent bundle of Q. Φ∗ is still free and proper and preserves the
Liouville form θ and thus the canonical symplectic structure −dθ of T ∗Q.
Consider the action of the multiplicative group R+ =]0,+∞[ by dilations on the
fibers of T ∗Q \ {0}.
Definition 2.1. The cosphere bundle S∗Q of Q is the quotient manifold (T ∗Q \
{0})/R+. Denote by κ : [αq] ∈ S
∗Q 7→ q ∈ Q the associated canonical projection.
The construction described below is standard (see e.g. [9]).
Let π : T ∗Q \ {0} → S∗Q be the canonical projection. The elements of the
cosphere bundle are classes that we denote with [αq]. Of course, (π,R+, T
∗Q \
{0}, S∗Q) is a R+–principal bundle. As such, it always has global sections: it is
enough to choose a Riemannian metric on Q (supposed paracompact), to identify
T ∗Q with TQ, S∗Q with the unit sphere bundle T 1Q of TQ, and to consider the
canonical inclusion T 1Q →֒ TQ. Let then σ : S∗Q→ T ∗Q\{0} be a global section.
The equation
σ ◦ π = fσ1T∗Q\{0},
where 1T∗Q\{0} denotes the identity map of T
∗Q \ {0}, defines a function fσ :
T ∗Q \ {0} → R+ with the following property of compatibility with respect to the
action of R+:
fσ(rαq) =
1
r
fσ(αq), r ∈ R+, αq ∈ T
∗Q \ {0}.(2.1)
Indeed, σ([αq ]) = fσ(αq)αq = σ([rαq ]) = fσ(rαq)rαq . The following statement is
now clear.
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Lemma 2.1. The set of global sections of π : T ∗Q \ {0} → S∗Q is in bijective
correspondence with the set of C∞ functions f : T ∗Q \ {0} → R+ satisfying (2.1).
We pull back by σ the restriction of the Liouville form and obtain the one-form
θσ = σ
∗θ on S∗Q. One has:
π∗θσ = fσθ.(2.2)
Indeed, π∗θσ = π
∗σ∗θ = (σ◦π)∗θ = (fσ1T∗Q\{0})
∗θ = fσθ. Now, for another global
section ρ, with associated function fρ, we have
θσ = σ
∗θ = (σ ◦ π ◦ ρ)∗θ = ρ∗π∗θσ = ρ
∗(fσθ) = (fσ ◦ ρ)θρ,
and hence we obtain
θσ = gσρθρ, with gσρ = fσ ◦ ρ.(2.3)
Note also that gσρ ◦ π = fσ/fρ. From (2.3) we easily derive that θσ is a contact
form on S∗Q if and only if θρ is one. But it was proved in [1] that if σ is defined
using a Riemannian metric on Q, as explained above, then θσ is a contact form.
Thus we have proved:
Lemma 2.2. θσ is a global contact form on S
∗Q for any global section σ.
It is also clear from (2.3) that all these contact forms have the same null space,
so that the contact structure does not depend on the choice of σ.
Remark 2.1. Let C(S∗Q) = S∗Q×R+ be the symplectic cone over S
∗Q, endowed
with the symplectic form d(tθσ). Then one can easily see that Tσ : C(S
∗Q)→ T ∗Q
given by Tσ([αq], t) = tfσ(αq) ·αq is a well defined symplectic diffeomorphism, that
is, a symplectomorphism.
3. The action of G on the cosphere bundle and its associated
momentum map
We shall now lift the free proper action of G to the cosphere bundle and compute
the associated momentum map. The action Φ lifts to an action Φ∗ on T
∗Q by
setting
Φ∗(g, αq) := T
∗
Φ(g,q)Φg−1αq,
for g ∈ G, αq ∈ T
∗
qQ, and where the upper star denotes the dual map of the
linear map to which it is applied. It is clear that the cotangent bundle projection
πQ : T
∗Q → Q is equivariant relative to the actions Φ∗ and Φ. If the action Φ is
free and proper, this equivariance immediately shows that the action Φ∗ is also free
and proper.
Denote by κQ : [αq] ∈ S
∗Q 7→ q ∈ Q the canonical cosphere bundle projection.
Lemma 3.1. The action Φ induces a free proper action Φ̂∗ : G× S
∗Q→ S∗Q.
Proof. Define
Φ̂∗(g, [αq]) = [Φ∗(g, αq)].
As Φ̂∗(g, [rαq]) = [Φ∗(g, rαq)] = [rΦ∗(g, αq)] = [Φ∗(g, αq)], the definition is correct.
Note also that Φ∗ covers Φ, that is, κQ ◦ Φ̂∗ = Φ◦κQ. This immediately proves that
freeness (respectively properness) of the G action onQ implies freeness (respectively
properness) of the action Φ̂∗ on S
∗Q. Clearly (Φ̂∗g)
∗θσ is a multiple of θσ and the
proof is complete.
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Lemma 3.2. The action Φ̂∗ : G × S
∗Q → S∗Q is by contactomorphisms and the
scale factors are all positive.
Proof. By direct computation and using (2.2) in the last equality, we have:
Φ̂∗∗gθσ([αq ])(v[αq ]) = θσ
(
Φ̂∗g([αq])
)(
T[αq ]Φ̂∗g(v[αq ])
)
= θ
(
(σ ◦ Φ̂∗g)([αq])
)(
T[αq ](σ ◦ Φ̂∗g)(v[αq ])
)
= (σ ◦ Φ̂∗g)([αq])
(
T[αq ](πQ ◦ σ ◦ Φ̂∗g)(v[αq ])
)
= fσ(Φ∗g(αq))Φ∗g(αq)
(
T[αq](πQ ◦ σ ◦ Φ̂∗g)(v[αq ])
)
= fσ(Φ∗g(αq))αq
(
T[αq ](Φ
−1
g ◦ πQ ◦ σ ◦ Φ̂∗g)(v[αq ])
)
= fσ(Φ∗g(αq))αq
(
T[αq](πQ ◦ σ)(v[αq ])
)
= fσ(Φ∗g(αq))θ(αq)
(
T[αq](σ)(v[αq ])
)
=
fσ(Φ∗g(αq))
fσ(αq)
θσ([αq])(v[αq ]).
To construct a momentum map associated to this action, we need to work with
a strong action, that is, we need it to preserve not only the contact structure, but
the contact form. This can be achieved by adapting Palais’ argument (or, if G is
compact, by averaging). Indeed, owing to Lemma 3.1, we may apply Proposition 2.8
in [5] asserting that for a proper action by contactomorphisms, there always exist
an invariant contact form. (The proof of this is a straightforward modification of
the classical proof of Palais for the existence of invariant Riemannian metrics on
paracompact manifolds endowed with a proper Lie group action.) As every contact
form on the cosphere bundle is obtained via a global section as above, we shall
chose once and for all a section σ for which (Φ̂∗g)
∗θσ = θσ. Relative to this contact
form the induced action on the cosphere bundle is by strong contactomorphisms.
The associated momentum map Jθσ will be denoted for simplicity by J since in
what follows no other contact form different from θσ will be used. Let (S
∗Q)0 =
J−1(0)/G be the reduced space corresponding to the regular value 0 ∈ g∗.
Similar considerations apply to the manifold Q/G proving that its cosphere bun-
dle is a contact manifold. As above, the contact structure can be described as the
kernel of a contact form of the type ΘΣ, where Σ : S
∗(Q/G)→ T ∗(Q/G) \ {0} is a
global section and Θ is the Liouville form of T ∗(Q/G).
4. The main results
We are now ready to prove:
Theorem 4.1. Let G be a finite dimensional Lie group, acting freely and properly
on a differentiable manifold Q. Then (S∗Q)0, the reduced space at the regular value
zero of the cosphere bundle of Q, is contact-diffeomorphic with the cosphere bundle
S∗(Q/G).
Remark 4.1. Suppose (N, η) is a contact manifold on which a Lie group G acts
by strong contactomorphisms. The action can be naturally lifted to the symplec-
tic cone (C(N), d(tη)) by letting G act trivially on R+; one obtains an action by
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symplectomorphisms. It is well known that, in this situation, the reduced sym-
plectic space at 0 is the symplectic cone over the contact reduced space at 0:
C(N0) ∼= (C(N))0. This can be applied to N = S
∗Q and combined with the
cotangent bundle reduction theorem it should lead to a “diagram chasing” proof of
the theorem. However, we prefer to make the maps involved in the proof precise.
Proof. A first key observation is that the actions of G and R+ on T
∗Q \ {0} com-
mute, so that there exists the diffeomorphism:
λ : (S∗Q)/G = (T ∗Q \ {0}/R+)/G→ (T
∗Q \ {0}/G)/R+.(4.1)
Second, applying the cotangent bundle reduction theorem to T ∗Q, we have the
symplectic diffeomorphism (see [1], [6], or [8])
ϕ0 : J
−1
ct (0)/G→ T
∗(Q/G), given by ϕ0(α̂q) (TqπG(vq)) := αq(vq),(4.2)
where vq ∈ TqQ, αq ∈ J
−1
ct (0)∩T
∗
qQ, α̂q ∈ J
−1
ct (0)/G is its class in the reduced space
at zero, and πG : Q→ Q/G is the projection. Denote by p0 : J
−1
ct (0) → J
−1
ct (0)/G
the canonical projection, that is, p0(αq) = α̂q for all αq ∈ J
−1
ct (0).
We want to relate the zero level sets of the contact momentum map J and of the
symplectic momentum map Jct. The definition of the (contact) momentum map
J , the π relatedness of ξT∗Q and ξS∗Q, formula (2.2), the definition of the Liouville
form on T ∗Q, and finally the πQ relatedness of ξT∗Q and ξQ yield for any ξ ∈ g
〈J([αq ]), ξ〉 = θσ([αq]) (ξS∗Q([αq]))
= θσ(π(αq))
(
Tαqπ(ξT∗Q(αq)
)
= (π∗θσ)(αq) (ξT∗Q(αq))
= fσ(αq)θ(αq) (ξT∗Q(αq))
= fσ(αq)αq
(
TαqπQ(ξT∗Q(αq))
)
= fσ(αq)αq (ξQ(q)) ,
that is,
J([αq]) = fσ(αq)αq.(4.3)
Since fσ > 0, this implies that
J−1(0) = {[αq] | αq(ξQ(q)) = 0, for all ξ ∈ g}.
However, 〈Jct(αq), ξ〉 = αq(ξQ(q)) for any ξ ∈ g, which shows that J
−1(0) ⊆
π(J−1ct (0)). The converse inclusion being obvious, we conclude that J
−1(0) =
π(J−1ct (0)) and hence
(S∗Q)0 := J
−1(0)/G = (J−1ct (0) \ {0}/R+)/G.(4.4)
Denote by
λ : (S∗Q)0 → (J
−1
ct (0) \ {0}/G)/R+(4.5)
the diffeomorphism obtained by restricting the diffeomorphism λ defined in (4.1)
to (S∗Q)0 and denote by θσ the reduced contact form on (S
∗Q)0.
The definition of the diffeomorphism ϕ0 : J
−1
ct (0)/G→ T
∗(Q/G) defined in (4.2)
shows that 0̂q ∈ J
−1
ct (0)/G is mapped to the zero element of T
∗
piG(q)
(Q/G) and
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that ϕ0 commutes with the R+–actions on J
−1
ct (0)/G and on T
∗(Q/G) respectively.
Thus ϕ0 induces a smooth map
ϕ̂0 : (J
−1
ct (0) \ {0}/G)/R+ → (T
∗(Q/G) \ 0)/R+ = S
∗(Q/G)(4.6)
given by
ϕ̂0([α̂q]) := [ϕ0(α̂q)],(4.7)
where [α̂q] ∈ (J
−1
ct (0)/G)/R+ denotes the class of α̂q ∈ J
−1
ct (0)/G. The same rea-
soning applied to ϕ−10 shows that it induces a smooth map S
∗(Q/G) → (J−1ct (0) \
{0}/G)/R+ which is easily verified to be the inverse of ϕ̂0, that is, ϕ̂0 is a diffeo-
morphism.
The theorem will be proved if it is shown that ϕ̂0 ◦ λ : (S
∗Q)0 → S
∗(Q/G)
is a contactomorphism. Let Σ : S∗(Q/G) → T ∗(Q/G) \ {0} be a global section
and let ΘΣ := Σ
∗Θ be the contact form on S∗(Q/G) associated to this section,
where Θ is the Liouville form on T ∗(Q/G). From the discussion in Section 2, we
know that ΘΣ is one of the possible contact forms underlying the contact structure
of the cosphere bundle S∗(Q/G). Thus, to show that ϕ̂0 ◦ λ is a contactomor-
phism, it will be enough to verify that (ϕ̂0 ◦ λ)
∗ΘΣ is proportional to θσ, the
proportionality factor being a strictly positive function on (S∗Q)0. To this end, let
π0 : J
−1(0)→ J−1(0)/G = (S∗Q)0, ι0 : J
−1(0) →֒ S∗Q be the canonical projection
and the canonical inclusion, respectively. From the contact reduction theorem at
zero (reviewed in the Introduction), we know that θσ is characterized by the rela-
tion π∗0θσ = ι
∗
0θσ. Thus, it suffices to show that (ϕ̂0 ◦ λ ◦ π0)
∗ΘΣ is proportional to
ι∗0θσ with a strictly positive function on J
−1(0) as proportionality factor.
The commutative diagram below is needed in the proof that follows. All vertical
arrows are projections. The maps in this diagram have all been defined with the
exception of Π : T ∗(Q/G)\{0} → S∗(Q/G) which is the cosphere bundle projection
associated to the manifold Q/G and π : (J−1ct (0)\{0})/G→ ((J
−1
ct (0)\{0})/G)/R+
which is associates to each point in (J−1ct (0) \ {0})/G its R+–orbit.
J−1(0) ✛
π
❄
π0
(S∗Q)0 ✲
λ
∼
T ∗Q ⊃ J−1ct (0) \ {0} ✲
πQ Q
❄ ❄
p0 πG
(J−1ct (0) \ {0})/G
ϕ0
−−−−→
∼
T ∗(Q/G) \ {0}
piQ/G
−−−−→ Q/G
pi
y Πy[
(J−1ct (0) \ {0})/G
]
/R+
ϕ̂0
−−−−→
∼
S∗(Q/G)
We begin with the computation of (ϕ̂0 ◦ λ ◦ π0 ◦ π)
∗ΘΣ. From the commutative
diagram we have
ϕ̂0 ◦ λ ◦ π0 ◦ π = Π ◦ ϕ0 ◦ p0 and πQ/G ◦ ϕ0 ◦ p0 = πG ◦ πQ
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so that using (2.2) with base manifold Q/G, the definition (4.2) of ϕ0, and the
global formula of the Liouville form on T ∗(Q/G), we get for any αq ∈ J
−1
ct (0) \ {0}
and any v ∈ Tαq(J
−1
ct (0) \ {0})(
(ϕ̂0 ◦ λ ◦ π0 ◦ π)
∗ΘΣ
)
(αq)(v) = ((Π ◦ ϕ0 ◦ p0)
∗ΘΣ) (αq)(v)
= ((ϕ0 ◦ p0)
∗(Π∗ΘΣ)) (αq)(v) = ((ϕ0 ◦ p0)
∗(fΣΘ)) (αq)(v)
= (fΣ ◦ ϕ0 ◦ p0)(αq) (ϕ0 ◦ p0)(αq)
(
Tαq (πQ/G ◦ ϕ0 ◦ p0)(v)
)
= (fΣ ◦ ϕ0 ◦ p0)(αq) (ϕ0 ◦ p0)(αq)
(
Tαq (πG ◦ πQ)(v)
)
= (fΣ ◦ ϕ0 ◦ p0)(αq)αq
(
TαqπQ(v)
)
.(4.8)
On the other hand, since ι0 : J
−1(0) →֒ S∗Q is the inclusion, from (2.2) and the
definition of the Liouville form on T ∗Q, we get
((ι0 ◦ π)
∗θσ) (αq)(v) = (fσθ)(αq)(v) = fσ(αq)αq
(
TαqπQ(v)
)
.(4.9)
The two identities (4.8) and (4.9) show that on J−1ct (0) \ {0} we have the equality
π∗(ϕ̂0 ◦ λ ◦ π0)
∗ΘΣ =
fΣ ◦ ϕ0 ◦ p0
fσ
π∗ι∗0θσ.(4.10)
Formula (2.1) shows that the strictly positive proportionality factor in (4.10) drops
to a strictly positive function F on the quotient J−1(0). Since π is a surjective
submersion, (4.10) implies that (ϕ̂0◦λ◦π0)
∗ΘΣ = F ι
∗
0θσ where the function F > 0,
which is the desired identity.
The first two examples below use parallelizable manifolds Q. Note that for an
n-dimensional parallelizable manifold Q, the cosphere bundle is S∗Q = Q× Sn−1.
Example 4.1. Let Q = Tn and G = S1 acting by multiplication on the first factor
of the torus and trivially on the other ones. Then Q/G = Tn−1 and S∗(Tn) =
T
n × Sn−1. Hence, by Theorem 4.1, we find that (Tn × Sn−1)0 is contactomorphic
with Tn−1 × Sn−2.
Example 4.2. Let Q = Rn and G = Zn acting by translations on each factor.
Then Q/G = Tn, S∗(Q/G) = Tn × Sn−1, S∗(Rn) = Rn × Sn−1, hence we obtain
the contactomorphism (Rn × Sn−1)0 ∼= T
n × Sn−1.
Example 4.3. LetQ = S3 andG = S1 acting by multiplication (of unitary quater-
nions by unit complex numbers). Then Q/G = S2, the base of the Hopf fibration. It
is well known (see, e.g. [7], Exercise 1.2-4) that S∗(S2) is diffeomorphic with SO(3).
On the other hand, S∗(S3) = S2×S3. We thus obtain the contact diffeomorphism
(S2 × S3)0 ∼= SO(3).
If we want to carry out the cosphere bundle reduction at a point µ 6= 0, we have
a priori two choices: to use Albert’s or Willett’s reduction methods.
Regarding Albert’s reduction method (see its description in the Introduction),
nothing will guarantee that the action of the universal cover Ĝµ on S
∗Q is induced
by an action on Q. Example II in [2] describes precisely such a situation. It refers
(without naming it explicitly) to the cosphere bundle S∗Tn of the n-dimensional
torus Tn. The group is G = Tn which acts trivially on itself. For a non-zero regular
value µ of norm 1, Albert applies his construction with Ĝµ = R
n and obtains the
standard circle S1 as the reduced space. But the action of Rn on S∗Tn does not
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come from an action of Rn on T n! Thus, Albert’s method cannot be used to do
contact reduction of the cosphere bundle at a non zero value of the momentum
map.
However, Willett’s method can be applied, as we shall show below. Contact
reduction at a non zero value of the momentum map will embed in a certain co-
sphere bundle. The precise statement is the following. Recall that Kµ denotes the
connected normal Lie subgroup of Gµ whose Lie algebra is the ideal kµ := ker(µ|gµ)
in gµ.
Theorem 4.2. Let Q be a differentiable manifold of real dimension n, G a finite
dimensional Lie subgroup of Diff(Q) and Φ : G×Q→ Q a smooth action of G on
Q. Assume that Kµ acts freely and properly on J
−1(R+µ) and that kerµ+ gµ = g.
Then the contact reduction
(S∗Q)µ = J
−1(R+µ)/Kµ
is embedded by a map preserving the contact structures onto a subbundle of S∗(Q/Kµ).
Proof. Consider the cosphere bundle S∗Q endowed with the contact form θσ pre-
served by the G–action. Willett [11] §3 proves that J is transversal to R+µ if and
only if the Kµ–action on J
−1(R+µ) is locally free. Our hypothesis is that this
action is in fact free, so the transversality hypothesis in Willett’s reduction theo-
rem is satisfied. Together with the other two stated hypotheses, these are precisely
the assumptions of Willett’s reduction theorem reviewed in the Introduction. Thus
(S∗Q)µ = J
−1(R+µ)/Kµ is an exact contact manifold whose contact form, denoted
by θσ,µ, is characterized by the identity ι
∗
µθσ = π
∗
µθσ,µ, where ιµ : J
−1(R+µ) →֒
S∗Q is the inclusion and πµ : J
−1(R+µ)→ J
−1(R+µ)/Kµ = (S
∗Q)µ is the canon-
ical projection.
As in the proof of Theorem 4.1, J−1(R+µ) = π(J
−1
ct (R+µ)) and, consequently,
(S∗Q)µ := J
−1(R+µ)/Kµ = (J
−1
ct (R+µ) \ {0}/R+)/Kµ.
Since the actions of Kµ (by cotangent lift) and R+ (by dilation in each fiber) on
J−1ct (R+µ) commute, there is a diffeomorphism
λµ : (S
∗Q)µ → (J
−1
ct (R+µ) \ {0}/Kµ)/R+
characterized by the property
λ ◦ πµ ◦ π = πµ ◦ pµ,
where
πµ : (J
−1
ct (R+µ) \ {0})/Kµ → [(J
−1
ct (R+µ) \ {0})/Kµ]/R+
and
pµ : J
−1
ct (R+µ) \ {0} ⊂ T
∗Q \ {0} → (J−1ct (R+µ) \ {0})/Kµ
are the canonical projections. If αq ∈ J
−1
ct (R+µ) \ {0} ⊂ T
∗Q, denote by α̂q =
pµ(αq) its class in (J
−1
ct (R+µ) \ {0})/Kµ.
Define the map
ψµ : (J
−1
ct (R+µ) \ {0})/Kµ → T
∗(Q/Kµ) \ {0}
by
ψµ(α̂q)(TqπKµ(vq)) = αq(vq),(4.11)
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where πKµ : Q→ Q/Kµ is the canonical projection. To show that ψµ is well defined,
observe that for all αq′ = T
∗
φ(g,q)Φg−1αq with q
′ = Φ(g, q), vq′ = TΦ(g,q)Φg(vq +
ξQ(q)), and ξ ∈ kµ identity (4.3) implies that
αq′ (vq′) = T
∗
Φ(g,q)
(
Φg−1αq, TΦ(g,q)Φg(vq + ξQ(q)
)
= αq (vq + ξQ(q)) = αq(vq) + αq(ξQ(q))
= αq(vq) +
1
fσ(αq)
〈J([αq]), ξ〉
= αq(vq) +
1
fσ(αq)
〈µ, ξ〉 = αq(vq)
since ξ ∈ kµ. This shows that ψµ is well defined. It is routine to check that ψµ is
smooth. In addition, ψµ is equivariant relative to the R+–actions on J
−1
ct (R+µ) \
{0}/Kµ and T
∗(Q/Kµ)\ {0} respectively and thus it induces a smooth map on the
quotients
ψ̂µ : [(J
−1
ct (R+µ) \ {0})/Kµ]/R+ → S
∗(Q/Kµ)
given by
ψ̂µ([α̂q]) = [ψµ(α̂q)],
where [α̂q] := πµ(α̂q), for πµ : (J
−1
ct (R+µ)\{0})/Kµ → [(J
−1
ct (R+µ)\{0})/Kµ]/R+
is the canonical projection.
Next we show that ψ̂µ is injective. If ψ̂µ([α̂q]) = ψ̂µ([β̂q]), then there exists
r ∈ R+ with ψµ(α̂q) = rψµ(β̂q), so using (4.11), αq(vq) = rβq(vq) for every vq ∈
TqQ. This means that α̂q = rβ̂q since the Kµ and R+ actions commute, that is,
[α̂q] = [β̂q] showing that ψ̂µ is injective.
We need to show that ψ̂µ ◦ λµ : (S
∗Q)µ → S
∗(Q/Kµ) preserves the contact
structures. Let Σ : S∗(Q/Kµ) → T
∗(Q/Kµ) \ {0} be a global section and let
ΘΣ := Σ
∗Θ be the contact form on S∗(Q/Kµ) associated to this section, where Θ
is the Liouville form on T ∗(Q/Kµ). The form ΘΣ is one of the possible contact
forms underlying the contact structure of the cosphere bundle S∗(Q/Kµ). Thus,
to show that ψ̂µ ◦ λµ preserves the contact structures, it will be enough to verify
that (ψ̂µ ◦λµ)
∗ΘΣ is proportional to θσ,µ, the proportionality factor being a strictly
positive function on (S∗Q)µ. Willett’s contact reduction theorem at µ 6= 0 states
that θσ,µ is characterized by the relation π
∗
µθσ,µ = ι
∗
µθσ. Thus, it suffices to show
that (ψ̂µ ◦ λµ ◦ πµ)
∗ΘΣ is proportional to ι
∗
µθσ with a strictly positive function on
J−1(R+µ) as proportionality factor. To carry this out, we shall need a commutative
diagram analogous to the one considered in Theorem 4.1.
As in the proof of Theorem 4.1, we begin with the computation of (ψ̂µ ◦λµ ◦πµ ◦
π)∗ΘΣ. Since
ψ̂µ ◦ λµ ◦ πµ ◦ π = Πµ ◦ ψµ ◦ pµ and πQ/Kµ ◦ ψµ ◦ pµ = πKµ ◦ πQ,
using (2.2) with base manifold Q/Kµ, the definition (4.11) of ψµ, and the global
formula of the Liouville form on T ∗(Q/Kµ), we get for any αq ∈ J
−1
ct (R+µ) \ {0}
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J−1(R+µ) ✛
π
❄
πµ
(S∗Q)µ ✲
λµ
∼
T ∗Q ⊃ J−1ct (R+µ) \ {0}
✲
πQ
Q
❄ ❄
pµ πKµ
(J−1ct (R+µ) \ {0})/Kµ
ψµ
−−−−→ T ∗(Q/Kµ) \ {0}
piQ/Kµ
−−−−→ Q/Kµ
piµ
y Πµy[
(J−1ct (0) \ {0})/Kµ
]
/R+
ψ̂µ
−−−−→ S∗(Q/Kµ)
and any v ∈ Tαq(J
−1
ct (R+µ) \ {0})(
(ψ̂µ ◦ λµ ◦ πµ ◦ π)
∗ΘΣ
)
(αq)(v) = ((Πµ ◦ ψµ ◦ pµ)
∗ΘΣ) (αq)(v)
=
(
(ψµ ◦ pµ)
∗(Π∗µΘΣ)
)
(αq)(v) = ((ψµ ◦ pµ)
∗(fΣΘ)) (αq)(v)
= (fΣ ◦ ψµ ◦ pµ)(αq) (ψµ ◦ pµ)(αq)
(
Tαq (πQ/Kµ ◦ ψµ ◦ pµ)(v)
)
= (fΣ ◦ ψµ ◦ pµ)(αq) (ψµ ◦ pµ)(αq)
(
Tαq (πKµ ◦ πQ)(v)
)
= (fΣ ◦ ψ0 ◦ pµ)(αq)αq
(
TαqπQ(v)
)
.(4.12)
On the other hand, since ιµ : J
−1(R+µ) →֒ S
∗Q is the inclusion, from (2.2) and
the definition of the Liouville form on T ∗Q, we get
((ιµ ◦ π)
∗θσ) (αq)(v) = (fσθ)(αq)(v) = fσ(αq)αq
(
TαqπQ(v)
)
.(4.13)
The two identities (4.12) and (4.13) show that on J−1ct (R+µ) \ {0} we have the
equality
π∗(ψ̂µ ◦ λµ ◦ πµ)
∗ΘΣ =
fΣ ◦ ψµ ◦ pµ
fσ
π∗ι∗µθσ.(4.14)
Formula (2.1) shows that the strictly positive proportionality factor in (4.14) drops
to a strictly positive function Fµ on the quotient J
−1(R+µ). Since π is a surjective
submersion, (4.14) implies that (ψ̂µ ◦ λµ ◦ πµ)
∗ΘΣ = Fµ ι
∗
µθσ where the function
Fµ > 0, which is the desired identity. This proves that ψ̂µ ◦ λµ preserves the
respective contact structures.
That ψ̂µ is an immersion can be proved as in the embedding version of the cotan-
gent bundle reduction theorem (see [1], §4.3 or [8], p. 82). Indeed, we observe that
µ′ = µ|kµ = 0, hence considering the action restricted to Kµ, the corresponding mo-
mentum map J ′ is the restriction of J . We are thus in the conditions of our Theorem
4.1 and obtain a contact-diffeomorphism between J ′
−1
(R+µ
′)/Kµ = J
′−1(0)/Kµ
and S∗(Q/Kµ). Composing this with the natural inclusion of J
−1(R+µ)/Kµ in
J ′
−1
(R+µ
′)/Kµ, we arrive at the desired contact embedding.
This ends the proof of the theorem.
Example 4.4. We look again at Albert’s example discussed above. We have Q =
T
n, G = Tn acting naturally on itself. Take µ ∈ (Rn)∗ to be the projection
on the last factor: µ(x1, . . . , xn) = xn. Then kerµ = R
n−1, Kµ = T
n−1 and
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J−1(R+µ) ∼= T
n. Hence (S∗Q)µ = T
n/Tn−1 ∼= S1 and Q/Kµ ∼= S
1. Our theorem
yields S1 →֒ S∗(S1), the inclusion being the zero section in T ∗S1 followed by the
canonical projection.
Example 4.5. We let Q = R3(n+1) and ϕ be the natural action of G = (R3,+) on
Q by translations. The lifted action to the cotangent bundle is again by translations:
(x, (qi,p
i)) 7→ (x+qi,p
i), i = 0, . . . , n. The symplectic momentum map (the linear
momentum, see e.g. [8]) has values in R3 (which is identified with its dual (R3)∗
by the usual dot product) and is given by:
Jct(qi,p
i) =
n∑
j=0
pj .
Fix now v ∈ R3 \ {0} and define µ : R3 → R by µ(ξ) = v · ξ. Then we have:
J−1ct (R+µ) =
{
(qi,p
i) |
n∑
i=0
pi ∈ R+v
}
.
As G is Abelian, we have kµ = kerµ = v
⊥ ∼= R2. Hence Kµ ∼= R
2. Define the map
f : R3(n+1) → R3n+1 by
f(q0, . . . ,qn) := (q1 − q0, . . . ,qn − qn−1,q0 · v/‖v‖
2).
Clearly f is smooth, surjective, invariant under the Kµ-action, and f(q0, . . . ,qn) =
f(q′0, . . . ,q
′
n) if and only if q
′
i = qi + x, for all i = 0, . . . , n, where x ∈ v
⊥. In
addition, the kernel of the derivative of f at every point equals the tangent space
the Kµ-orbit. Hence f induces a diffeomeorphism Q/Kµ = R
3(n+1)/R2 ∼= R3n+1.
We thus have:
S∗(Q/Kµ) = S
∗
R
3n+1 ∼= R3n+1 × S3n.
On the other hand,
J−1ct (R+µ)/Kµ
∼= R3n+1 ×
{
(p0, . . . ,pn) |
n∑
i=0
pi ∈ R+v
}
since the Kµ-action does not affect p
0, . . . ,pn. Applying Theorem 4.2 we have :
(S∗Q)µ ∼= R
3n+1 ×
[
S3n+2 ∩
{
(p0, . . . ,pn) |
n∑
i=0
pi ∈ R+v
}]
.
So Theorem 4.2 asserts the existence of a contact structure on the above manifold,
induced from that of R3n+1 × S3n. Note that it is not obvious how to construct
directly a contact structure on R3n+1×
[
S3n+2 ∩
{
(p0, . . . ,pn) |
∑n
i=0 p
i ∈ R+v
}]
.
Remark 4.2. Observe that ψ̂µ may no longer be surjective (as the corresponding
map of the symplectic case). In fact, since ψ̂µ maps fibers of J
−1(R+µ)/Kµ in
fibers of S∗(Q/Kµ), if it were surjective it would be so on each fiber, but a simple
count of dimensions proves this is impossible. On the other hand, conditions like
G = Kµ or g = gµ, which ensure surjectivity in the symplectic case, here lead to
µ = 0 (because of the condition kerµ+ gµ = g).
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Remark 4.3. There is a significant difference between the reduced spaces for µ 6=
0 in the cotangent bundle reduction theorem and for the cosphere bundle. The
symplectic quotient is symplectically embedded (only in the particular case of G
Abelian or G = Gµ one obtains a diffeomorphism) in T
∗(Q/Gµ) endowed with a
perturbed symplectic form (the canonical one minus a magnetic term), while the
contact quotient is always contactly embedded in S∗(Q/Kµ) with a non perturbed
contact form. Thus, in contact geometry, the cases µ 6= 0 and µ = 0 are similar and
the explanation is Willett’s choice of the kernel group of µ instead of the coadjoint
isotropy group of µ. Explicitly, it is the Lie algebra of this kernel group that assures
the existence of a well-defined map preserving the contact structure exactly as in
the µ = 0 case.
Remark 4.4. One may relax the assumptions on the action of G (and Kµ) by
allowing fixed points and working in the category of orbifolds.
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